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Abstract
It is shown that local symmetry transformations of the maximal AdS
supergravity in seven-dimensional anti de Sitter space induce those of
the N = (2, 0) conformal supergravity on the six-dimensional bound-
ary at infinity. Boundary values of the AdS supergravity fields form a
supermultiplet of the conformal supergravity.
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1. Introduction
In the AdS/CFT correspondence [1, 2, 3] (For a review see, e.g., ref. [4].) a
supergravity in (d+ 1)-dimensional anti de Sitter space is dual to a conformal field
theory on d-dimensional boundary at infinity. Boundary values of supergravity fields
play a role of sources for operators of the conformal field theory [2, 3]. It was noted
in refs. [5, 6] that these boundary fields should form supermultiplets of a conformal
supergravity in d dimensions. Conformal supergravities are theories which have
Weyl and super Weyl symmetries in addition to local symmetries of the Poincare´
supergravities.
In refs. [7, 8] we explicitly showed such a relation between AdS supergravities
and conformal supergravities in the case of three-dimensional anti de Sitter space.
It was shown that local symmetry transformations of the bulk AdS supergravi-
ties induce local transformations of the boundary fields, which coincide with those
of two-dimensional conformal supergravities. In particular, Weyl and super Weyl
transformations on the boundary are generated from general coordinate and super
transformations in the bulk. Thus, the boundary fields form a supermultiplet of
the conformal supergravities. A relation between local symmetries in the bulk and
those on the boundary is also discussed in ref. [9].
The purpose of this paper is to study a similar relation between an AdS super-
gravity and a conformal supergravity in the case of seven-dimensional anti de Sitter
space. It is shown that local transformations of the maximal AdS supergravity in
seven dimensions [10] induce those of the N = (2, 0) conformal supergravity in six
dimensions [11] on the boundary. The seven-dimensional maximal supergravity ap-
pears in a compactification of the M-theory on AdS7 × S4 [12], which corresponds to
a configuration of N M5-branes in the large N limit [1]. A new feature in this case
is the presence of third rank antisymmetric tensor fields in the seven-dimensional
supergravity. They satisfy a so-called “self-duality in odd dimensions” [13] by field
equations. We show that they become self-dual antisymmetric tensor fields of the
six-dimensional conformal supergravity on the boundary.
As in refs. [7, 8] we partially fix the gauge for local symmetries in the bulk. Our
gauge choice is a sort of axial gauge, in which the direction normal to the boundary
is distinguished. We first obtain boundary behaviors of all the fields and the gauge
transformation parameters after the gauge fixing by field equations and residual
symmetry equations. Substituting them into the local symmetry transformations
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we obtain the conformal supergravity transformations on the boundary.
2. Maximal AdS supergravity in seven dimensions
The field content of the maximal AdS supergravity in seven dimensions [10] is
a vielbein eM
A, Rarita-Schwinger fields ψαM , real third rank antisymmetric tensor
fields SMNP,I , SO(5)g vector fields BM,I
J , spin 1
2
spinor fields λαi and scalar fields
ΠI
i. We denote seven-dimensional world indices as M,N, · · · = 0, 1, · · · , 6 and local
Lorentz indices as A,B, · · · = 0, 1, · · · , 6. The indices I, J, · · · = 1, · · · , 5 are vector
indices of SO(5)g, while i, j, · · · = 1, · · · , 5 and α, β, · · · = 1, · · · , 4 are vector and
spinor indices of SO(5)c respectively. SO(5)g and SO(5)c are local symmetries of the
theory, which will be discussed later. The flat metric is ηAB = diag(−1,+1, · · · ,+1)
and the totally antisymmetric tensor ǫM1···M7 is chosen as ǫ0123456 = +1. We need two
kinds of gamma matrices: 8×8 matrices γA for the seven-dimensional Lorentz group
SO(1,6) and 4×4 matrices τ i for SO(5)c satisfying {γA, γB} = 2ηAB, {τ i, τ j} = 2δij .
γ’s and τ ’s with multiple indices are antisymmetrized products of gamma matrices
with unit strength. In particular, we have γA1···A7 = −ǫA1···A7. The Dirac conjugate
of a spinor ψ is defined as ψ¯ = ψ†iγ0. The spinor fields satisfy a symplectic Majorana
condition ψα = ΩαβCψ¯Tβ , where C = C
T and Ω = −ΩT are charge conjugation
matrices of SO(1,6) and SO(5)c satisfying
C−1γAC = −(γA)T , Ω−1τ iΩ = (τ i)T . (1)
The spinor fields λαi also satisfy the SO(5)c irreducibility condition (τ
i)αβλ
β
i = 0.
The scalar fields ΠI
i satisfy detΠI
i = 1, i.e., ΠI
i ∈ SL(5, R). By the local SO(5)c
symmetry physical degrees of freedom of the scalar fields parametrize a coset space
SL(5, R)/SO(5)c.
The Lagrangian is given by
L = −1
2
eR + 4m2e
(
T 2 − 2TijT ij
)
− 1
2
ePMijP
Mij − 1
4
e
(
FMN
IJΠI
iΠJ
j
)2
+8m2e
(
Π−1i
ISMNP,I
)2
+
1
12
mǫMNPQRSTSMNP,IFQRST
I
−1
2
eψ¯Mγ
MNPDNψP − 1
2
eλ¯iγMDMλi +
1
2
meTψ¯Mγ
MNψN
3
−1
2
me
(
8T ij − Tδij
)
λ¯iλj + 2meT
ijλ¯iτjγ
MψM +
1
2
eψ¯Mγ
NγMτ iλjPNij
+
1
16
eψ¯M
(
γMNPQ − 2gMNgPQ
)
τijψQFNP
IJΠI
iΠJ
j
+
1
4
eψ¯Mγ
NPγMτiλjFNP
IJΠI
iΠJ
j +
1
32
eλ¯iτ
jτklτ
iγMNλjFMN
IJΠI
kΠJ
l
+
1
2
√
3
imeψ¯M
(
γMNPQR + 6gMNγP gQR
)
τ iψRΠ
−1
i
ISNPQ,I
− 1√
3
imeψ¯M
(
γMNPQ − 3gMNγPQ
)
λiΠ−1i
ISNPQ,I
− 1
2
√
3
imeλ¯iγMNP τ jλiΠ
−1
j
ISMNP,I +
1
32m
Ω5[B]− 1
64m
Ω3[B]
+
1
16
√
3
ǫMNPQRST ǫIJ1J2J3J4δ
IJSMNP
IFQR
J1J2FST
J3J4 + · · · , (2)
where we have put the gravitational constant as 8πG = 1, m is a positive constant
and the dots denote four-fermi terms. The quantities in eq. (2) are defined as follows.
From the scalar fields we define
PM(ij) +QM [ij] = (Π
−1)i
I
(
∂MΠIj + 8mBMI
JΠJj
)
,
Tij = (Π
−1)i
I(Π−1)j
JδIJ , T = Tijδ
ij, (3)
where (ij) and [ij] are symmetric and antisymmetric parts. The field strengths of
the vector fields and the antisymmetric tensor fields are
FMN,I
J = ∂MBN,I
J + 8mBM,I
KBN,K
J − (M ↔ N),
FMNPQ,I = 4D[MSNPQ]I . (4)
The SO(5)g gauge coupling constant is 8m. The covariant derivative DM contains
the SO(5)g gauge field BMI
J and the composite SO(5)c gauge field QM [ij] as well as
the spin connection ωM
AB, e.g.,
DMλ
α
i =
(
∂M +
1
4
ωM
ABγAB
)
λαi +QMi
jλαj +
1
4
QM
jk(τjk)
α
βλ
β
i . (5)
Finally, Ω3[B] and Ω5[B] are Chern-Simons terms satisfying in the differential form
language
dΩ5[B] = 8 tr(F
4), dΩ3[B] = 8 tr(F
2) tr(F 2). (6)
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The Lagrangian (2) is invariant under general coordinate, local Lorentz, local
SO(5)g, local SO(5)c and local super transformations up to total derivative terms.
Note that there are neither Weyl nor super Weyl symmetries in the bulk of seven-
dimensional spacetime. The bosonic transformations are
δeM
A = ξN∂NeM
A + ∂Mξ
NeN
A − λABeMB,
δψM = ξ
N∂NψM + ∂Mξ
NψN − 1
4
λABγABψM − 1
4
vijτijψM ,
δSMNP,I = ξ
Q∂QSMNP,I + 3∂[P ξ
QSMN ]Q,I − θI JSMNP,J ,
δBM
IJ = ξN∂NBM
IJ + ∂Mξ
NBN
IJ +DMθ
IJ ,
δλi = ξ
M∂Mλi − 1
4
λABγABλi − vijλj − 1
4
vjkτjkλi,
δΠI
i = ξM∂MΠI
i − θIJΠJ i − vijΠI j , (7)
where ξM(x), λAB(x) = −λBA(x), θIJ(x) = −θJI(x) and vij(x) = −vji(x) are
transformation parameters of general coordinate, local Lorentz, SO(5)g and SO(5)c
transformations respectively. Note that there is no antisymmetric tensor gauge
symmetry for SMNP,I , which satisfy the “self-duality in odd dimensions” [13] by
field equation.
The local supertransformations are
δeM
A =
1
2
ǫ¯γAψM ,
δψM = DMǫ+
1
5
mTγMǫ− 1
40
(γM
NP − 8δNMγP )τijǫFNP IJΠI iΠJ j
+
2
5
√
3
im
(
γM
NPQ − 9
2
δNMγ
PQ
)
τ iǫΠ−1i
ISNPQ,I + · · · ,
δSMNP,I =
√
3
12
i
(
3ǫ¯γ[MNτ
iψP ] − ǫ¯γMNPλi
)
Π−1iI
−
√
3
32m
iΠI
i
(
2ǫ¯τijkψ[M + ǫ¯γ[Mτ
lτijkλl
)
FNP ]
JKΠJ
jΠK
k
−
√
3
16m
iD[M
(
2ǫ¯γNτ
iψP ] + ǫ¯γNP ]λ
i
)
Π−1iI ,
δBM
IJ =
(
1
4
ǫ¯τ ijψM +
1
8
ǫ¯γMτ
kτ ijλk
)
Π−1i
IΠ−1j
J ,
δλi = 2m
(
Tij − 1
5
δijT
)
τ jǫ+
1
16
γMN
(
τklτi − 1
5
τiτkl
)
ǫFMN
IJΠI
kΠJ
l
+
1
5
√
3
imγMNP
(
τi
j − 4δji
)
ǫΠ−1j
ISMNP,I +
1
2
γMτ jǫPMij + · · · ,
5
δΠI
i =
1
4
ΠI
j
(
ǫ¯τjλ
i + ǫ¯τ iλj
)
, (8)
where the dots denote three-fermi terms, which we ignore in the following. The
transformation parameter ǫα(x) satisfies the symplectic Majorana condition.
3. Boundary behaviors of the fields
We partially fix the gauge for the local symmetries (7) and (8). The seven-
dimensional AdS space is represented as a region r ≡ x6 > 0 in R7 with coordinates
xM . The boundary of the AdS space corresponds to a hyperplane r = 0 and a point
r =∞. We choose the gauge fixing condition as
er
6 =
1
2mr
, er
a = 0, eµ
6 = 0,
ψr = 0, Br
IJ = 0, ΠT = Π, (9)
where µ, ν, · · · = 0, · · · , 5 and a, b, · · · = 0, · · · , 5 are six-dimensional world indices
and local Lorentz indices respectively. The metric in this gauge has a form
dxMdxNgMN =
1
(2mr)2
(
dr2 + dxµdxν gˆµν
)
. (10)
The SO(6,2) invariant AdS metric corresponds to the case gˆµν = ηµν but we consider
the general gˆµν . We define eˆµ
a by gˆµν = eˆµ
aeˆν
bηab. An SO(6,2) invariant field
configuration
gˆµν = ηµν , ΠI
i = δiI , other fields = 0. (11)
is a solution of field equations derived from the Lagrangian (2).
Let us obtain asymptotic behaviors of the fields near the boundary r = 0. The
boundary conditions are chosen such that they are consistent with these boundary
behaviors. We assume that the vielbein eµ
a behaves as r−1 just as in the SO(6,2)
invariant case (11). Boundary behaviors of other fields are determined by their field
equations. For the scalar fields ΠiI we first expand them around the background
(11) as
ΠI
i = ( eφ)I
i = δjI
(
δij + φj
i +
1
2
φj
kφk
i +O(φ3)
)
, (12)
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where φij = φji and φi
i = 0. Near the boundary r = 0 the linearized field equation
for the scalar fields in the background (11) is
r7∂r
(
r−5∂rφ
)
+ 8φ = 0. (13)
Assuming φ ∼ rs for r → 0, we obtain two independent solutions: φ ∼ r2 and φ ∼ r4.
The solution regular in the bulk is a linear combination of these two solutions and
its boundary behavior is determined by a solution which becomes larger near the
boundary, i.e., φ ∼ r2. The same reasoning can be applied to other fields discussed
below. For the vector fields BM the linearized field equation is
∂r
(
r−3∂rBµ
)
= 0. (14)
We find two solutions: Bµ ∼ r0 and Bµ ∼ r4.
For the antisymmetric tensor fields SMNP the linearized field equation is
1
6
ǫMNPQ1···Q4FQ1···Q4 + 16meS
MNP = 0. (15)
By the (MNP ) = (rµν) components of this equation the components Srµν can be
expressed by using Sµνρ as
Srµν = − r
12
ǫµνρ1···ρ4η
ρ1σ1 · · · ηρ4σ4∂[σ1Sσ2σ3σ4]. (16)
Therefore they are not independent degrees of freedom and behave as Srµν ∼ rs+1
when Sµνρ ∼ rs. The (MNP ) = (µνρ) components of the field equation (15) become
∂rSµνρ − 2
r
S˜µνρ − 3∂[µSνρ]r = 0, (17)
where the dual of Sµνρ is defined as
S˜µνρ =
1
3!
eˆǫµνρσ1σ2σ3 gˆ
σ1λ1 gˆσ2λ2 gˆσ3λ3Sλ1λ2λ3 . (18)
To solve this equation we introduce self-dual and anti self-dual parts of Sµνρ as
S(±) = 1
2
(
Sµνρ ± S˜µνρ
)
. Then we find two solutions: S(+)µνρ ∼ r0, S(−)µνρ ∼ r−2 and
S(+)µνρ ∼ r2, S(−)µνρ ∼ r4.
7
For spinor fields λ the linearized field equation is
∂rλ− 3
2r
(2− γ6)λ+ γ6γˆµ∂µλ = 0. (19)
We define the projections λ± =
1
2
(1± γ6) λ. Note that γ6 = −γ0γ1 · · · γ5 is the six-
dimensional chirality matrix and λ+, λ− are Weyl spinors. We obtain two solutions:
λ+ ∼ r 32 , λ− ∼ r 52 and λ+ ∼ r 112 , λ− ∼ r 92 . For the Rarita-Schwinger field ψM the
linearized field equation is
γˆµν
(
∂rψν − 1
2r
(4− 5γ6)ψν
)
− γ6γˆµνρ∂νψρ = 0. (20)
We find two solutions: ψµ+ ∼ r− 12 , ψµ− ∼ r 12 and ψµ+ ∼ r 112 , ψµ− ∼ r 92 .
Knowing these boundary behaviors of the fields we impose Dirichlet type bound-
ary conditions as
eµ
a ∼ (2mr)−1e0µa, ψµ+ ∼ (2mr)− 12ψ0µ+, S(−)µνρ ∼ r−2S(−)0µνρ,
Bµ ∼ B0µ, λ+ ∼ (2mr) 32λ0+, φ ∼ (2mr)2φ0, (21)
where Φ0 = (e0µ
a, ψ0µ+, S
(−)
0µνρ, B0µ, λ0+, φ0) are arbitrary functions on the boundary.
Note that we imposed the boundary conditions on only half of the components for
ψµ, Sµνρ and λ since their field equations are first order [14, 15]. Other components
of the fields are expressed by the functions Φ0 by using the field equations. The
fields Φ0 coincide with the field content of the (2,0) conformal supergravity in six
dimensions [11]. The precise relation between Φ0 and the fields of the conformal
supergravity will be given below.
4. Local symmetries on the boundary
We now study how the fields on the boundary Φ0 transform under residual symme-
try transformations after the gauge fixing. We first obtain the residual symmetries,
which preserve the gauge conditions (9). By solving differential equations obtained
by taking variations of the gauge conditions (9) under the transformations (7), (8)
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we find parameters of the residual symmetry transformations near the boundary
r = 0 as
ξr = −rΛ0,
ξµ = ξµ0 +O(r2),
λa6 = O(r),
λab = λ0ab +O(r2),
θIJ = θ0
IJ +O(r2),
vij = θ0
ij +O(r2),
ǫ± = (2mr)
∓ 1
2
[
ǫ0± +O(r2)
]
, (22)
where Λ0, ξ
µ
0 , λ0ab, θ
ij
0 = θ0
IJδiIδ
j
J and ǫ0± are arbitrary functions of x
µ (µ = 0, · · · , 5).
Order O(r) and O(r2) terms are non-local functionals of these functions and the
fields Φ0.
Substituting eqs. (21), (22) into eq. (7) and taking the limit r → 0 we find the
bosonic transformations on the boundary as
δe0µ
a = Λ0e0µ
a + ξν0∂νe0µ
a + ∂µξ
ν
0e0ν
a − λ0abe0µb,
δψ0µ+ =
1
2
Λ0ψ0µ+ + ξ
ν
0∂νψ0µ+ + ∂µξ
ν
0ψ0ν+ −
1
4
λ0
abγabψ0µ+ − 1
4
θ0
ijτijψ0µ+,
δS
(−)
0µνρ,I = 2Λ0S
(−)
0µνρ,I + ξ
σ
0 ∂σS
(−)
0µνρ,I + 3∂[ρξ
σ
0S
(−)
0µν]σ,I − θ0I JS(−)0µνρ,J ,
δB0µ
IJ = ξν0∂νB0µ
IJ + ∂µξ
ν
0B0ν
IJ +D0µθ0
IJ ,
δλ0i+ = −3
2
Λ0λ0i+ + ξ
ν
0∂νλ0i+ −
1
4
λ0
abγabλ0i+ − θ0ijλ0j+ − 1
4
θ0
jkτjkλ0i+,
δφ0ij = −2Λ0φ0ij + ξν0∂νφ0ij − θ0ikφ0kj − θ0jkφ0ik. (23)
The transformations with the parameters ξµ0 , Λ0, λ
ab
0 and θ
ij
0 represent general co-
ordinate, Weyl, local Lorentz and SO(5) gauge transformations in six dimensions
respectively. In particular, seven-dimensional general coordinate transformation in
the direction M = r became six-dimensional Weyl transformation. Weights of the
Weyl transformation are determined by the powers of r appearing in the boundary
behaviors of the fields (21). The weights given in eq. (23) are consistent with those
of the conformal supergravity [11].
On the other hand, substituting eqs. (21), (22) into eq. (8) and taking the limit
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r → 0 we find the fermionic transformations on the boundary as
δe0µ
a =
1
2
ǫ¯0+γ
aψ0µ+,
δψ0µ+ = D0µǫ0+ − 1
2
√
3
imτ iγ
νρσ
0 γ0µǫ0+S
(−)
0νρσ,i + 2mγ0µǫ0−,
δS
(−)
0µνρ,i =
√
3
12
i
(
3ǫ¯0+τiγ0[µνψ0ρ]− + 3ǫ¯0−τiγ0[µνψ0ρ]+ − ǫ¯0+γ0µνρλ0i+
)
−
√
3
8m
iD0[µ
(
ǫ¯0+τiγ0νψ0ρ]+
)
,
δB0µ
ij =
1
4
ǫ¯0+τ
ijψ0µ− +
1
4
ǫ¯0−τ
ijψ0µ+ +
1
8
ǫ¯0+τ
kτ ijγ0µλ0k+,
δλ0i+ = −2mτ jǫ0+φ0ij + 1
16
(
τjkτi − 1
5
τiτjk
)
γ
µν
0 ǫ0+F0µν
jk
− 1√
3
im
(
δ
j
i −
1
5
τiτ
j
)
γ
µνρ
0 ǫ0−S
(−)
0µνρ,j
−
√
3im
(
δ
j
i −
1
5
τiτ
j
)
γ
νρ
0 ǫ0+S0νρr,j ,
δφ0ij =
1
2
(
ǫ¯0+τ(iλ0j)− + ǫ¯0−τ(iλ0j)+
)
, (24)
where S
(−)
0µνρ,i = S
(−)
0µνρ,I=i, B0µ
ij = B0µ
I=iJ=j. The underlined fields are not indepen-
dent fields on the boundary but can be expressed by the fields Φ0. The transfor-
mations (24) are actually equivalent to those of the conformal supergravity [11]. To
see the equivalence we redefine the fields as
e˜µ
a = e0µ
a, ψ˜µ = ψ0µ+,
T˜abc,i = −4
√
3im
(
S
(−)
0abc,i +
√
3
16m
iψ¯0[a+τiγbψ0c]+
)
,
V˜µ
ij = −8mB0µij , χ˜iγ = 15mλ0i+γ, D˜ij = −120m2φ0ij (25)
and the transformation parameters as
ǫ˜ = ǫ0+, η˜ = 2mǫ0−. (26)
By dropping tildes on the fields to avoid unnecessary complications in equations we
obtain the transformations for fermionic residual symmetry as
δeµ
a =
1
2
ǫ¯γaψµ,
10
δψµ = Dµǫ+
1
24
τ iγabcγµǫTabc,i + γµη,
δTabc,i = − 1
32
ǫ¯τiγ
deγabcRde(Q)− 1
15
ǫ¯γabcχi,
δVµ
ij = −ǫ¯τ ijφµ − 1
15
ǫ¯τkτ ijγµχk − η¯τ ijψµ,
δχi =
1
4
τ jǫDij − 15
128
(
τjkτi − 1
5
τiτjk
)
γµνǫRµν
jk(V )
+
5
32
(
δ
j
i −
1
5
τiτ
j
)
γabcγµǫDµTabc,j +
5
8
(
δ
j
i −
1
5
τiτ
j
)
γabcηTabc,j,
δDij = ǫ¯τ(iγ
µDµχj) − 2η¯τ(iχj), (27)
where
R′µν(Q) = 2D[µψν] +
1
12
τ iγabcγ[µψν]Tabc,i,
φµ = − 1
16
(
γρσγµ − 3
5
γµγ
ρσ
)
R′ρσ(Q),
Rµν(Q) = R
′
µν(Q) + 2γ[µφν],
Rµν
ij(V ) = 2∂[µVν]
ij + 2V[µ
ikVν]k
j ,
Dµχi = Dµχi − 1
4
τ jψµDij +
15
128
(
τjkτi − 1
5
τiτjk
)
γρσǫRρσ
jk(V )
− 5
32
(
δ
j
i −
1
5
τiτ
j
)
γabcγνψµDνTabc,j − 5
8
(
δ
j
i −
1
5
τiτ
j
)
γabcφµTabc,j.
(28)
To obtain eq. (27) we have used field equations derived from the Lagrangian (2) to
express the underlined fields in eq. (24) as
ψ0µ− =
1
2m
φµ, λ0i− =
1
20m2
γµDµχi, S0µνr,i = 1
96
√
3m2
iDρTµνρ,i. (29)
The transformations (27) coincide with those in the conformal supergravity [11].
The transformations with the parameters ǫ and η represent local super and super
Weyl transformations in six dimensions respectively. The bosonic transformations
of the fields defined in eq. (25) are easily obtained from eq. (23) and also coincide
with those in the conformal supergravity.
Thus, we have shown that boundary values of the fields in the maximal AdS
supergravity in seven dimensions form a supermultiplet of the N = (2, 0) conformal
11
supergravity in six dimensions, and that local symmetry transformations in the
bulk induce local transformations of the conformal supergravity on the boundary.
Using these results we can compute anomalies of local symmetries on the boundary
as in the AdS3/CFT2 case [8] and obtain Ward identities for correlation functions
of the boundary conformal field theory. Weyl anomaly in a purely gravitational
background was obtained in ref. [14]. The gauge anomaly is easily obtained from
the well-known relation between the Chern-Simons terms and chiral anomalies [16].
Super Weyl anomaly can be also obtained as in ref. [8].
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